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Random mixture of Ising systems of different spin values
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Department of Applied Physics, Tohoku University, Sendai, Japan

Received 3 August 1978, in final form 31 January 1979

Abstract. The magnetic properties of the Ising mixture of a site model of A and B atoms, of
which the magnetic moments, spins, concentrations and exchange energies are pa, g, Sa,
Sg: Pa, PB, Jaa, Jas and Jpg, are investigated. As examples, mixtureswithS=1and S = i
the former of which has the anisotropy D, are studied by the distribution function method in
the Bethe approximation. The critical temperature (phase boundary between the
paramagnetic (P)-ferromagnetic (F) and paramagnetic-antiferromagnetic (AF) phases), the
energy and the zero-field susceptibility in the paramagnetic phase are obtained. They are
expressed in terms of generalised Brillouin functions as a natural extension of the § = 1 Ising
model and the classical Heisenberg model.

1. Introduction

The magnetic properties of random systems have attracted considerable interest in
recent years, and in particular the following works are mentioned in relation to the
present work: Brout (1959)—distinction between quenched and annealed systems;
Behringer (1957), Morgan and Rushbrooke (1961)—high-temperature and low-
concentration expansions of dilute systems; Katsura and Tsujiyama (1966)—exact
susceptibility and specific heat of the quenched and annealed one-dimensional dilute
§ =3 Ising systems; Matsubara e al (1973)—magnetisation processes of the one-
dimensional dilute § =3 Ising ferromagnetic (F) and antiferromagnetic (AF) systems
(see also Wortis (1974); Matsubara and Yoshimura (1973)—the one-dimensional
dilute Ising system with higher spin; Matsubara (1974a), Katsura and Matsubara
(1974)—F-AF binary mixture of the § =5 Ising site and bond systems, especially the
paramagnetic (P) susceptibility and the phase boundary (see also Eggarter and Eggarter
(1977), who also discussed the low-temperature mixed phase); Katsura (1975)—
classical Heisenberg and planar models (see also Smith (1971), Tonegawa et al (1975)
and Thorpe (1975) for the one-dimensional case only); Edwards and Anderson (1975),
Matsubara and Sakata (1976)—existence of the spin glass phase (glass-like phase), the
former in the infinitely long-range Gaussian bond mixture and the latter in the
short-range binary bond mixture (a similar phase diagram to that of the latter was also
obtained by Jayaprakash er al/ (1976)); Matsubara (1974b, c)—F-AF mixture by the
distribution function method (see also Katsura (1977c), Katsura and Fujiki 1979);
Katsura (1976, 1977b)—rF-AF mixture by the low-field expansion and cumulant
expansion methods; Sherrington and Kirkpatrick (1975), Katsura (1977a)—alternative
derivation of the spin glass for the continuous distribution; Katsura and Fujiki (1979),
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thermpdynamic properties of the binary mixture; Kudd et al (1978)—one-dimensional
F-AF binary mixture of $=1and § =3.1

In this paper we study a mixture of A and B atoms with spins S =1, Sg=3 and
concentrations pa, ps in two and three dimensions as an example of a system with
different spin values. The exchange energies are denoted by Jaa, Jep and Jap, each of
which is either ferromagnetic or antiferromagnetic, and the anisotropy D is associated
with A. The system is investigated by generalising the method used by Katsura and
Fujiki (1979) and Kudé ef al (1978, referred to hereafter as KMK). The distribution
functions of the effective fields and effective anisotropies are introduced to reflect the
fact that the random mixture has different expected spin values on each lattice site. The
integral equation for the distribution function is derived, and the equations for the first
and second moments of the effective fields are obtained. Using these relations, we
obtain the energy and the susceptibility in the paramagnetic phase. The phase
boundaries between P-F and P-AF phases are determined. The physical quantities are
shown to be a generalisation of the § = 3 Ising model and the classical Heisenberg model
and are expressed in terms of (generalised) Brillouin functions. Numerical calculations
of these boundaries together with the phase boundary between the spin glass phase and
the paramagnetic phase will be given in a subsequent paper.

2. Bethe approximation for the random mixture with =1 and § =}
We consider a cluster consisting of a central atom O under an external magnetic field H

with its z nearest-neighbour atoms under an effective field H¥. An atom is either
A(S =1) or B(S =3). The Hamiltonian of the cluster is

H=-2Y Jososi—uoHso—Aosd— Y, uHTFsi— Y, A¥st, 2.1)
i=1 i=1 i=1

where s =1, 0 or —1 for the A atom and % or —% for the B atom, Jo; = Jaa, Jes OF JaB,
i =pa OF up, A =A4 oOr Ag (=0) represents the anisotropy. Introducing

2BJaa=Kaa, BJan=Kas, BJs8/2 = Kgs,

B;.LAH=CA, BAa=Da,

BugH/2 = Cg, BAs/4 = Dg (for central spin),

BI-LAH?: =La; B)hti =Ma,,

BupH?¥/2 =Ly, BA%,/4 = My; (for neighbouring spin),
and

S =5 forthe A atom, S =2s for the B atom,
we have

—B% =Y. KoSoS,+CSo+DS5+ Y LS+ Y MS?, 2.2)

i=1 i=1 i=1

t There is a problem as to whether the properties of spin systems of higher spins can be expressed in a unified
way. The problem is partly answered in the molecular field and random phase approximations (Callen and
Shitrikman 1965) by using the Brillouin function. In the exact solution and the Bethe approximation,
however, such a property is not yet known. One of the motivations of the present study is to find a simple and
general expression for the physical quantities of higher-spin systems in a unified way.
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where KOi = KAA, KBB or KAB, C= CA or CB, D =DA or DB ( = 0), L,‘ = LA,- or LB;,
M; = M ,; or My, (=0) for a given configuration of the cluster. The effective field L; and
the effective anisotropy M; will be determined self-consistently so that they take into
account the effect of the outer spins. The density matrix of the cluster for a given
configuration of neighbouring spins A and B (the numbers of A and B are k and z —k
respectively) is given by

p =exp(CSo+DS3) [1 os pi = exp[(KoiSo + L))S; + M;S? . (2.3)
i=1
The partial trace of p; gives
trp; =1+2u;" cosh(KoSo+ L)) (2.4)
for the case where the ith spin is A, and
trip; =2 cosh(Ko:iSo+ L) 2.5)

for the case where the ith spin is B, where u; = exp(—M;). Equations (2.3) and (2.4) can
be rewritten

B 1 (u;+2cosh(Kaa+ LA:‘))
(2.3) = constant X exp [2 ln( cosh(—Kan+ L) So

1 [u,~+2 cosh(KAA+LA,~)][u,-+2 COSh(—KAA+LA,')]) 2]
+—= .
Tha ( (u; +2 cosh La;)? So] (28

for the central A spin,

COSh(KAB + LBi) ) s
COSh("KAB+LB,') ©

(2.4) = constant X exp B In (

1 COSh(KAB +LB,')COSh(—KAB +LB,') 2
2 n cosh® Lg; So @D
for the central A spin, and
1 cosh(Kpg+Lg;)
2.4) = constant [— ( ) ] .
(2.4) = constant X exp 3 In cosh(—Kan+ Lo So (2.8)

for the central B spin.
Thus the reduced density matrix of the cluster of the given configuration, tr’ p,
reduced except at the central spin O and a neighbouring spin g, is given by

tr” p = constant X exp(K0gS0S, + LS, + M,S2 + L.So+M.,S%), (2.9)

where
1 k. U; +2 COSh(KAA+LAi) 1 Z COSh(KAB+LB')
La=Caty 3 In( )+5 ( 2y,
) |'=lz,i#q "\ +2 cosh(—Kan+La)/ 2 i=k'*l.i%q " cosh(—Kap+ Lg;)
(2.10)
u, _e_D fI u,-+2 COShLA,'
a i=k'l,ix%q [u,‘ +2 COSh(KAA+LAi)][ui +2 COSh(—KAA+LAi)]1/2
» z cosh 2Lg; 2.11)

j=k’g,i¢q (cosh(Kaa + Lg;) cosh(—Kap +Lg;)]""
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for the central spin A, and

( u; +2 cosh(Kga + La;) >+ Z ( cosh(Kpp+ L) )

»
- +
L =Cp+ 3 In u; +2 cosh(—Kpa+Lai) " cosh(-Kgs +L;)

i=1,i#q j=k'+1,j#q

(2.12)

for the central spin B.

Here L; and M, are the effective field and effective anisotropy at the central spin
resulting from the effects of the neighbouring spins 1, 2, ..., g—-1, q+1, ..., 2
k'=k —1or k when the gth spin is A or B respectively. From (2.9) wesee thatif L, =L,
and M, = M then (So) =(S,). We require the averages (see Katsura and Fujiki 1979).
The averages are carried out over the distribution functions ga(la, u) (la=tanh La,
u=e"™)and gs(/s) (/s = tanh L) and over all neighbouring configurations of A and B
spins for given concentrations pa(=p) and pg=1-p.

3. The integral equation for g.(/4, #) and gg(/p)

First we consider the paramagnetic and the ferromagnetic phases. The probability that
tanh L o has a value between [, and /5 +dl, and e ™™ has a value between u and u +du
is denoted by ga(la, u) dla du, and the probability that tanh L has a value between /p
and /g +dig by gs(/p) dg. The distribution functions ga(/a, ) and gg(/s) are deter-
mined by the condition that the distribution of LA, and of L), that of Lg, and of Ly,
and that of u, and u; are the same, respectively. The integral equations for ga(la, u)
and gg(/p) read

z—1

-1 —1-
galla )= X (%) =py

k ) L
xj 8{1A—tanh[CA+l Y ( u; +2 cosh(Kaa LA:)))

2 =1 n u,-+2 COSh(—KAA+LAi

+l 71 ln( cosh(Kag +Lp;) )]}

2 ;<%+1  \cosh(—Kap+Lg)

k u;+2cosh Ly;

x —

S(u ¢ EI {{u: +2 cosh(Kaa+La)][ui +2 cosh(—Kaa+La)l}'"*
y ZIIII cosh LB,' )

j=k+1 [COSh(KAB+LBj) COSh(_KAB+LBI)]1/2
X H gallay, wi) dia; du; I;I ge(ls;) dlp; 3.1)

j=k+1

and

z—-1

gale)= 3 (F 1) pra-pyt

=0
u; +2 cosh(Kga+La;) )
+=
J’ [IB tanh[CB 2 ,le (ui+2 COSh(—KBA+LA,')
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+1
2 j=F+1

$ (S]]

k z-1
X 1_[1 gallas u;) dla; du; I;[ . ge(/s;) dlp; (3.2)
i i=k+

(cf Matsubara 1974a, Katsura and Fujiki 1979, KMK 1978).

The coupled integral equations (3.1) and (3.2) for ga and gg can be solved by the
iterative method and the solution becomes a multiple series.

In the case with no magnetic field, these exists a solution in which the distribution of /
is the delta function at / = 0. This is the paramagnetic solution, and we have

ge(N=480), gall, u)=8(1)ga(u), (3.3)
il rz—1 —1—
ga)=3 (77 )p a-py
_ D k u,-+2 1 ) k
XJ‘ a(u ¢ ,'1;[1 u,-+2 cosh KAA (COSh KAB)Z_I_k ,'1-_-[1 g2(ui) dui.
(3.4)

In particular in the one-dimensional case the solution reads

g:()=(1-p) L p'8u—u"), (3.5)

where
u(o) = l/COSh KAB,

u V= P12+ u'")/(2 cosh Kaa+u™)] (i=0,1,2,...). (3.6)

The integral equations (3.1) and (3.2) have different solutions from (3.3). One of the
solutions describes the ferromagnetic state. The antiferromagnetic state is described by
a solution of the generalisation of the integral equations (3.1) and (3.2) by taking the
sublattice structure into consideration (cf Matsubara 1974a, Katsura 1977b, § 5).

Instead of /4 and u, the averages x, =(S4;) and x,=(S%,) can be used as indepen-
dent variables of ga. The integral equation of ga(x1, x,) for the one-dimensional system
is given and discussed in KMK.

For the pure B case (p = 0) the integral equation (3.2) has a solution

ge(l)=8(l—Is), (3.7)
where /g(=tanh Lg) is determined by

L= Cs+(z~1)tanh™"(tanh Kgp tanh Lg). (3.8)
For the pure A case (p = 1) the integral equation (3.1) has a solution

gall,u)=8(-14)8(u =uo), 3.9)

where /o(=tanh L,) and uo are determined by
uo+2cosh(Kaa+La) )
uo+2 cosh(—Kaa+La)/’
e P(uo+2cosh Ly !
{luo+2 cosh(Kaa+La)uo+2 cosh(~Kaa+La) V"

LA=CA+Z;1111(

(3.10)

Uo=
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In the case of the antiferromagnetic phase, the lattice is divided into sublattices «
and B, and we consider ga(/4), gs(/3), ga(/2) and gs(/8). In (3.1) and (3.2) I’ on the
right-hand side is replaced by /,(/z) and that on the left-hand side by /;(/,), and the
equations form a closed set.

4. The energy

The energy per bond of the system, e, is given by
—BE=p’Kaa(SaSa)+p(1-p)Kap(SaSs)+(1 —P)2K88<SBS'B> +p(CaSa)

+(1-p)CsSp), 4.1)
where
(SASA)
_J‘ ( 2[e® cosh(L + L')—e ™ cosh (L -L")] )
2[e® cosh(L +L')+e™® cosh(L —L')]+2u cosh L +2u’ cosh L'+ uu’ K=Kan
Xgall, u)gall',u)dl du dl' du’, 4.2)
, eX cosh(L+L")—e™® cosh(L-L")
(SaSB)= ( K ' -K ' ')
e" cosh(L+L")+e " cosh(L~L)+ucoshL'/x-x,,

x gall, u)ge(l")dl du dl’, 4.3)

, eX cosh(L+L")—e ® cosh(L-L")

(S8S8) = ,[ (ex cosh(L + L") +e™* cosh(L —L’)) K=Kgp “4

and (CS) is given in (5.5).
In the paramagnetic region in zero field these expressions become

(SaSW)= [ Bu(Kan, u+ '+ w2 ga(w)galu’) e ', @.5)

(Sa88)= [ Bi(Kap, wgalu) du 4.6)
and

<SBSia> = Bl/z(KBB), 4.7)
where B is the (generalised) Brillouin function defined by

Bi(x, u) =2 sinh x/(u + 2 cosh x), B;,»(x)=tanh x. (4.8)

Special cases of pg=1, pa=1 and H =0 in the one-dimensional case agree with the
known results for the pure case of § =1 (Kramers and Wannier 1941), § =1 (Katsura
and Tsujiyama 1966, Suzuki et al 1967) and KMK (1978) respectively. The energy in
the paramagnetic phase is independent of z in the Bethe approximation.

5. The susceptibility

First we consider the uniform susceptibility. The partition function of a cluster for a
given configuration, which consists of a central spin A with k nearest neighbours A and
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z — k nearest neighbours B, can be shown to be

k 2
Za=exp(Ca+D) [ [1+2u;" cosh(Kaa+La:)] [] 2cosh(Kas+Lg;)
j=k+1

i=1

k z
+ [T [1+2u;" cosh La;] [] 2coshLy;

i=1 i=k+1

k
+exp(—Ca+D) [] [14+2u;’ cosh(—Kaa+Lai)]
i=1

X f'[ 2 cosh(—Kap+ Lg;), (5.1)

j=k+1

and that for a central spin B is

k z
ZB=CCB H [1 +2u,-_1 COSh(KBA+LAi)] ]_—[ ZCOSh(KBB+LBj)
i=1

j=k+1

k 2
+e % [] [1+2u;" cosh(~Kpa+La:)] [I 2cosh(~Kps+Lg,). (5.2)
i=1 f=k+1
The averages of the central spins in these configurations are given by
u;+2 COSh(KAA+LA,-) z 1 COSh(KAB+LB-)
o e §, ) 11, (e L)
(Sa)=B1| Ca ,21 27 \u;+2 cosh(~Kaa+Lai) [l 3 cosh(—Kap + Lg;)
-p I’-‘[ u;+2coshL
i=1 {[u,- +2 COSh(KAA +LA,~)][u,- +2 COSh(—KAA +LA,')]}1/2

% 151 cosh LB,' ]
j=k+1 [COSh(KAB + LB,') COSh('-KAB + LB,')]llz

j=k+1

€

(5.3)

and

k . ) 2 ‘
<SB>=B1/2[CB Z % ( u|+2 Cosh(KBA+LA‘) )+ _1_1 ( COSh(KBB+LB,) )]

u;+2cosh(—Kpa+La;)/ j-%%12 " cosh(—Kpg+Lg;)
(5.4)
The magnetisation of the central spin averaged over all configurations is
5L [z z—
WSob= ¥ (7} (1=p)* [ Luap(Sa)+hun(1-pXSs)]
k z
X H1 8allas ui) dia; du; l;[ . gs(/s;) dis;. (5.5)
i= j=k+

In the low-field limit in the paramagnetic phase, where L, -0 and Lg > 0 (M # 0), the
first argument of B; in (5.3) is

k 2 sinh KAA Z
+ —_ Y . ‘ + i .
CA igl uit ) cosh KAA LA i=§+1 (tanh KAB)LB, (5 6)

and the second argument of B, in (5.3) is

-D k u,'+2

_—_— z—k
i=1 U;+2 cosh Kaa (cosh Kap)™ . (5.7



2094 S Katsura

Noting that

lln( u+2cosh(K+L) )_)
2 u+2cosh(—K +L)

for L > 0, we have from (2.10), (2.11) and (2.12)

B1(K, u)L (5.8)

k z
Lag=Ca+ Y Bi(Kaa,u)Lai+ Y Bi/2(Kas)Lsg, (5.9)
i=1,i#q j=k'+1
k’ z
Lp=Cs+ 21 Bi(Kpa, u:)Lai + kzl B1/2(Kss)Ls), (5.10)
i= j=k'+1l,j#aq
o
p -D u,'+2 1
= 5.11
He=¢ i=1 Ui +2 cosh Kaa (cosh Kap)*~ ( )
i*q

Since Bi(x, y)=2x/(y +2) for x » 0, we have from (5.3) and (5.4)

e Pk u+2 1 !
Sa)= (1+—— ' = )
(Sa) 2 ,1:[1 u; +2 cosh Kaa (cosh Kag)™ ™"
k 2
X (CA+ 'Zx Bi(Kaa, Ui)La; + %‘, . BI/Z(KAB)LBI’), (5.12)
i= j=k+
k 2
(Sp)=Cg+ '21 Bi(Kga, ui)Lai+ g, . B1,2(Kgs)Lg; (5.13)
= J=k+

Now we carry out the average over all possible configurations of the clusters. The
distribution functions ga and gp are regarded as independent of the site. Then the
summations in (5.9)-(5.13) are replaced by the average value multiplied by the number
of terms (k' or z —k’'). For example

T+l
i=1_i¢qu(KAA; ui)LAi

1l rz-1 « I k+1
- z( k )P (1-p) Y BiKaa u)La;

k=0 =1l,i#q

k+1

X n gallas u;) dla; du;
i=1

i%q

=1 51 L kst
= kzo (Z X )pk(l -p) 1ok Z,l J‘ Bi{Kaa, )L aigallas u;) dla; du;

i#q

7w (z7 1\ « -1-k
=B.&an 0 La ¥ ( x )p (1-p)"" %k
k=0

=(z = 1)pB1(Kan, #)La. (5.14)

Here we have approximated B;(K, u) = B,(k, ).
Then the requirements L, = L; and &, = u, are transformed into

La=Ca+(z=1)pBy(Kan, i)La+(z=1)(1-p)B1/2(Kap)Ls,  (5.15)
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L= Ca+(z~1)pB1(Kpa, 1)La+(z = 1)(1—-p)B1/2(Ksn)Ls,

- p(z—-1) (1-p)z—-1)
a=e(= at+2 ) L ) (5.16)
i +2 cosh KAA cosh KAB

The zero-field susceptibility is given from (5.12)-(5.16) by

HX___(p s e )[(GCA/aﬁ)+z<Bl(KAA, ) Bl/Z(KAB))
N Arta 2FBEB aCs/3p Bi(Kga, i) B1/2(Kgs)
Pa 0)(3LA/33 ]
, 5.17
><(0 ps/ \aLs/0BH (5-17)
where
on Pt e
Ha=BAl ST 3 \d+2cosh Kan/ \cosh Kap
=pa(l+3e a0y, (5.18)

Here we used

kgo (Z) kp*(1-p)* ™ =2zp.

dLA/3BH and dLg/dBH in the low-field limit are obtained from (5.8)—(5.10):
(aZZ/aB _ (aCA/aﬁ ‘- 1)(BI(KAA, 8) Bl,z(KAB))

oLp/oBH dCs/oBH Bi(Kas, #1) Bi1/2(Kgs)
«(Pr )(aL__A/aB .
0 pe’/‘\aLp/3BH
Hence
(ag/GBH) - (1 ~(z—1)Bi(Kaa, #)pa —(z—1)B1/2(KaB)Ps )_1( I-LA) . (5.20)
dLw/0BH —~(z=1)B1(Kpa, #)pa 1—(z—1)B1,2(Ksp)ps’ ‘ius
The susceptibility in the paramagnetic phase is given by (5.17) with (5.20), i.e.
kTx _ AR [(1 0) +s (BI(KAA, If)pA Bl/Z(KAB)pB)
N 0 1 B1(Kga, i)ps  B1/2(Kss)ps
(1 —(z=1)B1(Kaa, d)pa —(z2—1)B1/2(Kas)Ps )—1](1#;\) . (5.21)
—(z-1)By(Kpa, #)pa 1-(z—-1)B1/2(Kss)ps 218

In particular, the critical temperature is given by
[1-(z-1)Bi(Kaa, #)palll1—(z —1)B1/2(Kzsg)ps]

—(z-1)’B1(Ksa, #)B1/2(Kap)paps =0, (5.22)
where i is determined from (5.16). We have assumed that the transition is second
order.

In the case in which we consider the sublattice structure of the lattice, the left-hand

sides of equations (5.1)-(5.7), (5.9), (5.10), (5.12), (5.13), (5.15), (5.19) and (5.20) are
regarded as the ones with a(8), and the right-hand sides of these equations with 8(a).
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Two sets of equations (5.15) are decoupled by a similarity transformation as in Katsura
et al (1979), and the uniform and staggered susceptibility obtained. The former is the
same as in equations (5.21) and (5.22), and the latter has the same form but the signs of
Kaa, Kgg and K 5p are reversed. Equations {5.21) and (5.22) are generalisations of the
corresponding results for the Ising mixture of S =3 and for the classical Heisenberg
mixture (Katsura and Matsubara 1974, Katsura 1975). The susceptibility in the pure
limit ps = 1 in the one-dimensional case,

kTx 2(u +2 cosh Kan)? 1+B1(Kaa, u)

N e Pw+27+2(u+2coshKan) 1-By(Kan, )’

1

u =3{e”® =2 cosh Kaa+[(2 cosh Kan—e ?)*+8e7 213, (5.23)

agrees with known results (Katsura and Tsujiyama 1966, Suzuki et a/ 1967). The
critical temperature for p, = 1 for arbitrary z is given by By(K, u) =1/(z - 1), i.e.

b 2[2(z - 1) tanh(K/2) - 1 — tanh*(K/2)]
© 1—tanh’(K/2)

tanh(K/2)\* ™
=(1__3L/)) (K =Kan). (5.24)
z-1
The case D =0 agrees with known results (Obokata and Oguchi 1968).
When we approximate B,,2(K)~ K and By(K, u)~3K, and replace z—1 by z in
(5.22), we obtain the critical temperature in the molecular field approximation:

2kT./z= %{%JAAPA +JpepPB* [(%JAAPA - JBBPB)Z + %’iBPAPB]l/z}- (5.25)

By considering the staggered susceptibility, the Néel temperature is obtained from
equations (5.22) and (5.25) after replacing KX by —K.

In the one-dimensional antiferromagnetic mixture Jaa <0, Jgg <0, Jag =0 (#0),
the susceptibility diverges for T - 0, except at pa =1 or pg = 1 (Matsubara 1974b) or
MAT MB/ 2.

x/N=(ua—-ud/4p(1-p)/kT. (5.26)

6. Conclusions

The magnetic properties of a random Ising model with § =1 and S =3, in which the
former has anisotropy D, were investigated using the Bethe approximation and
distribution function methods. The energy, the uniform and staggered susceptibilities
in the paramagnetic phase, and the phase boundaries between P—F and p—AF phases
were obtained.

The result holds exactly in the one-dimensional system and reproduces the results of
KMK (1979). Our method gives a generalisation of the S =3 Ising model and the
classical Heisenberg model. The properties of a random mixture of Ising systems with
general higher spins are expected to be expressed in terms of generalised Brillouin
functions in a similar way. The discussion on the spin glass and mixed phases will be
published in the near future together with numerical calculations for the phase
boundaries between P—F, P-AF and P-spin glass phases.
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